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Abstract
Let fi ∈ Fq [X1, . . . , Xn] be polynomials of degree di , 1 ir , where d1 · · · dr1.
Denote the set of zeros of fi in Fnq by Z(fi). Katz proved that q
 n−d1−···−dr
d1
 divides |Z(f1)∩
· · · ∩ Z(fr )|. A more elementary proof of this result was given by Wan. We found a new and
much simpler proof of this result.
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1. Introduction
Let Fq be the ﬁnite ﬁelds with q elements and f ∈ Fq [X1, . . . , Xn] with deg f =
d1. Let Z(f ) = {x ∈ Fnq : f (x) = 0} be the set of zeros of f. Ax [1] proved that
q n−dd  divides |Z(f )|. Ax’s theorem is an improvement of earlier results by Chevalley
[2] and Warning [6]. The p-adic bound of |Z(f )| given by Ax’s theorem is the best
possible [1]. Ax [1] also showed that for fi ∈ Fq [X1, . . . , Xn] with deg fi = di ,
1 ir , such that d1 · · · dr1, q
n−d1−···−dr
d1+···+dr  divides |Z(f1) ∩ · · · ∩ Z(fr)|. This
result was improved by Katz as the following theorem.
Theorem 1.1 (Katz [3]). With the above notation,
|Z(f1) ∩ · · · ∩ Z(fr)| ≡ 0 (mod q
n−d1−···−dr
d1

). (1.1)
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The p-adic bound in (1.1) is also the best possible [3]. Katz’s original proof of
Theorem 1.1 uses deep results in the p-adic theory of zeta functions. A more elementary
proof of Theorem 1.1 was given by Wan [4]. Wan’s proof is based on Ax’s method and
uses the Gauss sum and the Stickelberger theorem. In a later paper [5], Wan generalized
Theorem 1.1 to multiplicative character sums.
In this note, we give a much simpler proof of Theorem 1.1 which only uses Ax’s
theorem for one polynomial. The proof is based on a new and rather unusual technique.
2. A new proof of Theorem 1.1
Lemma 2.1. Let fi ∈ Fq [X1, . . . , Xn], 1 ir . Then
|Z(f1) ∩ · · · ∩ Z(fr)| ≡ q
1−r
q − 1
∑
(a1, ..., ar )∈Frq
|Z(a1f1 + · · · + arfr)| (mod qn). (2.1)
Proof. We have
∑
(a1,...,ar )∈Frq
|Z(a1f1 + · · · + arfr)|
=
∑
x∈Fnq
∑
(a1,...,ar )∈Frq
a1f1(x)+···+ar fr (x)=0
1
=


∑
x∈Z(f1)∩···∩Z(fr )
+
∑
x∈Fnq\(Z(f1)∩···∩Z(fr ))


∑
(a1,...,ar )∈Frq
a1f1(x)+···+ar fr (x)=0
1
= |Z(f1) ∩ · · · ∩ Z(fr)| qr +
(
qn − |Z(f1) ∩ · · · ∩ Z(fr)|
)
qr−1.
Eq. (2.1) follows immediately. 
Proof of Theorem 1.1. We use induction on r. When r = 1, Theorem 1.1 is Ax’s
theorem. Assume that r > 1. To prove that Theorem 1.1 holds for r, we use another
induction on
∑r
i=1(d1 − di).
If
∑r
i=1(d1 − di) = 0, d1 = · · · = dr . By Lemma 2.1, we have
|Z(f1) ∩ · · · ∩ Z(fr)|
≡ q
1−r
q − 1
∑
(a1,...,ar )∈Frq
|Z(a1f1 + · · · + arfr)| (mod qn)
≡ 0 (mod q nd1 −1−(r−1) (by Ax′s theorem).
Since n−d1−···−dr
d1
 =  n
d1
 − r , Eq. (1.1) holds.
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Now assume that
∑r
i=1(d1 − di) > 0. Then dr < d1. By Lemma 2.1, we have
|Z(f1) ∩ · · · ∩ Z(fr)|
≡ q
1−r
q − 1
∑
(a1,...,ar )∈Frq
|Z(a1f1 + · · · + arfr)| (mod qn)
= q
1−r
q − 1
∑
(a1,...,ar−1)∈Fr−1q
|Z(a1g1 + · · · + ar−1gr−1 + gr)|,
where gi = fi(X1, . . . , Xn) ∈ Fq [X1, . . . , Xn,Xn+1], 1 ir − 1, and gr =
Xn+1fr(X1, . . . , Xn) ∈ Fq [X1, . . . , Xn,Xn+1]. Thus
|Z(f1) ∩ · · · ∩ Z(fr)|
= q
1−r
(q − 1)2
∑
(a1,...,ar )∈Frq
ar =0
|Z(a1g1 + · · · + argr)|
= q
1−r
(q − 1)2


∑
(a1,...,ar )∈Frq
|Z(a1g1 + · · · + argr)|
−
∑
(a1,...,ar−1)∈Fr−1q
|Z(a1g1 + · · · + ar−1gr−1)|


= 1
q − 1

 q
1−r
q − 1
∑
(a1,...,ar )∈Frq
|Z(a1g1 + · · · + argr)|
−q
1−(r−1)
q − 1
∑
(a1,...,ar−1)∈Fr−1q
|Z(a1f1 + · · · + ar−1fr−1)|


≡ 1
q − 1 [|Z(g1) ∩ · · · ∩ Z(gr)| − |Z(f1) ∩ · · · ∩ Z(fr−1)|] (mod q
n), (2.2)
where the last step follows from Lemma 2.1. By the induction hypothesis on r, we
have
|Z(f1) ∩ · · · ∩ Z(fr−1)| ≡ 0 (mod q
n−d1−···−dr−1
d1

). (2.3)
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Note that deg gi = di , 1 ir − 1, and deg gr = dr + 1. Hence by the induction
hypothesis on
∑r
i=1(d1 − di), we have
|Z(g1) ∩ · · · ∩ Z(gr)| ≡ 0 (mod q
(n+1)−d1−···−dr−1−(dr+1)
d1

). (2.4)
It follows from (2.2)–(2.4) that
|Z(f1) ∩ · · · ∩ Z(fr)| ≡ 0 (mod q
n−d1−···−dr
d1

). 
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